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STABILIZATION OF THE NONLINEAR DAMPED WAVE 
EQUATION VIA LINEAR WEAK OBSERVABILITY 

KAIS AMMARI, AHMED BCHATNIA, AND KARIM EL MUFTI 


Abstract. We consider the problem of energy decay rates for nonlinearly 
damped abstract infinite dimensional systems. We prove sharp, simple and 
quasi-optimal energy decay rates through an indirect method, namely a weak 
observability estimate for the corresponding undamped system. One of the 
main advantage of these results is that they allow to combine the optimal- 
weight convexity method of [S] Alabau-Boussouira] and a methodology of 
Ammari-Tucsnak] for weak stabilization by observability. Our results extend 
to nonlinearly damped systems, those of Ammari and Tucsnak [^. At the end, 
we give an appendix on the weak stabilization of linear evolution systems. 
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1. Introduction 

We consider the following second order differential equation 

, . j w{t) + Aw{t) + a{.)p{.,w) = 0 , t G (0, oo), a; e n 

'|t(;(0) = , 15(0) = . 

where fl is a bounded open set in with a boundary P and p : 11 x R —>■ R 
is supposed to be continuous on H x R and strictly monotone with respect to 
the second variable. We assume that ft is either convex or of class C^’^. We set 
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H = with its usual scalar product denoted by {■,-)h and the associated 

norm || • \\h and where A : D{A) C H ^ H is a densely defined self-adjoint linear 
operator satisfying 

(1.2) {Au,u)H>C\\u\\jj yueD{A) 

for some C > 0. We also introduce the scale of Hilbert spaces Ha, as follows: for 
every a > 0, Ha = 'D{A°‘), with the norm ||2;||a = The space is 

defined by duality with respect to the pivot space H as follows: H-a = H*, for 
a > 0. The operator A can be extended (or restricted) to each Ha, such that it 
becomes a bounded operator 

(1.3) A:Ha^Ha-i VaeR. 

Assumption (Al): There exists a continuous strictly increasing odd func¬ 
tion g G C([—1,1];R), continuously differentiable in a neighbourhood of 0 
and satisfying g(0) = g'(0) = 0, with 

icig{\v\)<\p{.,v)\<C2g-Wv\), |i;| < 1, a.e. on H , 

\ci|u| < \p{;v)\ < 021111, |u| > 1, a.e. on H , 

where g~^ denotes the inverse function of g and Ci > 0 for i = 1,2. Moreover 
a G C(H), with a > 0 on H and there exists Oq > 0 such that a{x) > Oq on 
uj. Here uj stands for the subregion of H on which the feedback p is active. 

The equation (ini) is understood as an equation in H_i/2, i-e., all the terms are 
in H_i/ 2 . The energy of a solution is defined by 


(1-5) i^»(0 = ^(ll(«^(i)Xi))llH,/,xH) 

Most of the nonlinear equations modelling the damped vibrations of elastic struc¬ 
tures can be written in the form (HD, where w stands for the displacement field 
and the term Bw{t) = a{.)p{.,w), represents a viscous feedback damping. 

Let us introduce the operator 

A = (^ ^ : D{A) = HiX Hi /2 C Hi /2 x ^ Hi /2 x H 

and HD becomes 

W = AW, W{0) = W°, 

where ^ ^ ^ = 

The operator A is the generator of a continuous semigroup of nonlinear con¬ 
tractions in Hi /2 X H (see [HI Corollary 2.1, page 35]). Then the system (11.11) is 
well-posed. More precisely, the following holds: 

If (w°, w^) G Hi X Hi/ 2 . Then the problem (HD admits a unique strong solution 

w G C([0,oo);7Li) nC^([0,oo);7Li/2). 

Moreover, if G i?i /2 x H then the system (11.11) admits a unique mild 

solution, i.e., {w,w) G C([0, -|-oo), iLi /2 x H). 

We have for all t > 0, the following energy identity: 
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( 1 . 6 ) 


Uw{t),w{t))fH^ H = 2 f f a{.)pi.,w{s)),w{s)dxds. 

Jo Jn 


The aim of this paper is to deduce energy decay rates from weak observability 
estimates for the associated undamped system, that is 


+ A(j){t) = 0, 

</'( 0 ) = <^( 0 ) = (lA. 


Our results extend to nonlinearly damped systems, those of Ammari and Tuc- 
snak |6] (see also [7] for more details) which concern linearly damped systems. 


2. Preliminaries and main results 


Before stating our main results, let us precise some hypotheses on the feedback 
and give some preliminary definitions. 


We define a function R (see [3]) by 
(2.1) R{x) = y/xg{y/x ), a: e [0, rl] , 


Thanks to assumption (Al), R is of class and is strictly convex on [0, Tq], where 
To > 0 is a sufficiently small number. We still denote by R its extension to R with 
R{x) = +00 for X G ]R\[0,ro]. We also define a function L by 


( 2 . 2 ) 


L{y) = 


R%y) 

y 


, if y G (0,+oo) 


0 , if y = 0 , 


where R* stands for the convex conjugate function of i?, i.e.: R*{y) = sup^^g^lxy— 
R{x)}. Moreover we define a weight function / such that 

(2.3) i?*(/(s)) = , sG[0,/lr2), 

where /3 is a constant that will be chosen later. We recall that f is defined by 
/(s) = L-i(i^, VsG[0,/3r2). 

One can show [3] that / is a strictly increasing function from [0,/lrg) onto [0,oo). 


After, we consider the unbounded operator 

(2.4) Ad : V{Ad) C H^/2 X i? ^ H^/2 xH,Ad=(^ 
where 

V{Ad) = i?l X Hy2- 

Let Xi , X 2 be two Banach spaces such that 

V{Ad) C Hi/2 xHcXixX2, 
with continuous embeddings and 

(2.5) [iLi X iLi/ 2 , Al X Aale = H ,/2 x H, 
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for a fixed real number 0 < d < 1, where [.,.]§ denotes the interpolation space (see 
for instance Triebel [15], i) and G ■ R+ R+ be an increasing and continuous 
function on R+ = (0,oo). 

Assumption (A2): There exist T,Ct > 0 such that the following observ¬ 
ability inequality is satisfied for the linear conservative system (EZI) 


( 2 . 6 ) CTE 40 )g dt 

for any non-identically zero initial data ((()°, £ i?i /2 x H. 

Our main results are stated as follows: 


Theorem 2.1. Let t] > 0 and Tq > 0 be fixed given real numbers. For any r G (0,?]), 
we define a function Kr from (0,r) on [0,oo) by 


(2.7) 


A,(t) = £ 


1 


v{fGe) ^{v) 


dv. 


here Gg = G o xi ^. We also define 

( 2 . 8 ) Mz)=Z + KrifSs{^)), 


Assume (Al) and (A2). Then for non-identically zero initial data {w°,w^) £ 
Fti X Hi/ 2 , the energy of the strong solution of (11.111 satisfies 

(2.9) Ey,{t) < l3T{fG0)~^( i \_r' ) , for t sufficiently large. 


Remark 2.2. Suppose further that the function 


h:{0,l) ->R+ 

X ——G 

X^-o 


is increasing on (0,1). 

Notice that 

h{ax) < h{x),'ia £ (0, l),x £ (0,1), 


or equivalently 

G{ax) < a~^G{x)y a £ (0, l),x £ (0,1). 

Letting a goes to zero this implies that t/(0) = 0 and then G(x) > 0 for all x > 0. 
In this case the inequality (EH) implies, according to [i Theorem 2.4], that we have 
a weak stability for the linear associated problem, i.e., there exists a constant C > 0 
such that for all t > 0 and for all (w^, w^) £ Hi x Hi we have that the solution of 
EH) with p = Id satisifes: 


EUt) < C 



{w°,w^) 


2 

HixHi • 
5 


Let TL : K+ —>■ M+ such that TL is continuous, invertible and increasing on 1R+. 
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Assumption (A3): There exist T,Ct > 0 such that the following observ¬ 
ability inequality is satisfied for the linear conservative system (HJD 


( 2 . 10 ) 




EM 




< 


\y/a(t)\]jdt 


for any non-identically zero initial data ((/)°, (j)^) G Hi x Hi. 
By the same way as in Theorem 12.71 we have the following result. 


Theorem 2.3. Letr]>0andTQ > 0 be fixed given real numbers. For any r£ ( 0 , 77 ), 

we define a function Kr from (0,r) on [0,oo) by 

( 2 - 11 ) JCrir) = f irji-u 1 

Jr nf%) ^(V) 

ITe also define 

(2.12) 'friz)= Z + ICr{fn{^)), Z > ■ 

Assume (Al) and (A3). Then for non-identically zero initial data € 

Hi X Hi/ 2 , the energy of the strong solution of (HID satisfies 

(2.13) E.u,{t) < l3T{fny^(—Y7rHF:) 1 for t sufficiently large. 

Remark 2.4. (1) If we suppose in addition that the function x 1 —> z/TJ{x) is 

increasing on (0,1). Then, the estimate (12.131) is a generalization (to the 
nonlinear case) of (lOl) in Theorem [Ql 
(2) The case TL = Id corresponds to the situation treated in [H Theorem 1.1] 
(which we can compare to the linear case, i.e., Theorem \6.1[ ) 


3. Intermediate results 


We start by a key Lemma which relies on the optimal-weight convexity method 
of [3] (see also mmn), so the proof will be omitted. 


Lemma 3.1. Assume that p and a satisfy the assumption (Al) and that there 
exists ro > 0 sufficiently small so that the function R defined by (EH) is strictly 
convex on [OjTq]. Let G Hi x H 1 / 2 , non-identically zero, be given and 

and w and (j) be the respective solutions of (11.11) and of (|1.7|) . 
Then the following inequality holds 


(3.1) 




< c^TR-^l^f 
+ Ce f / 


Em 


Em) 




-f 1 


a{x)p{x, w)w dx dt, 


10 an 
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where 

C5 = |rj|(l + cl) , C6 = (— + C 2 ) , 

and |ri| = da, with da = a{.)dx. 

The next Lemma compares the localized kinetic damping of the linearly damped 
equation with the localized linear and nonlinear kinetic energies of the nonlinearly 
damped equation. 


Lemma 3.2. Assume that p G C(r2x]R;]R) is a continuous monotone nondecreasing 
function with respect to the second variable on such that p(., 0) = 0 on fl. Let w 
be the solution of (ED with non-identically zero initial data (w^,w^) € Hi x iLi/ 2 - 
Let us introduce z solution of the linear locally damped problem 


(3.2) 


z + Az + a{x)z = 0 , 
z(0) = z{0) = 


Then the following inequality holds 
i-T 


(3.3) 


/o 


/n 


a{x)\z\^ dx dt < 2 J J ^a(a;)|w;p + a(ai)|p(a;,'u;p^ 


dx dt. 


The next Lemma compares the localized observation for the conservative un¬ 
damped equation with the localized damping of the linearly damped equation. 

Lemma 3.3. Assume that a € C(fl), with a > 0 on LI. Let T > 0 be given, then 
there exists kr > 0 (given by kx = 8T^||a||^oo(-Q^ + 2 j such that for all G 

Hi X Hi/2 


(3.4) 


a\(j)f dxdt < kx 


aliP dx dt 


where </> is the solution of the conservative equation EZl with 
and z is the solution of (lO) . 

4. Proof of the main results 

The following lemmas will be very useful. 

Lemma 4.1. Let 5 > 0 and M be an increasing and a non-negative function such 
that the function defined by tpix) = x — ptM{x) is strictly increasing on [0, for 
some positive constant px- Assume that E is a nonnegative, nonincreasing function 
defined on [0,oo) with B(0) < S and satisfying 

(4.1) E{{k + 1)T) < E{kT) - pxM{E{kT)), V fc e N. 

After we consider the sequence {ifk)k defined by induction as follows: 

f piffi -yk+ PtM {{fk) = 0 , fc e N, 

\yo = Eq. 

Then the following inequality holds 

(4.3) Ek <yk , 
here we set 

(4.4) Ek = E{kT) , V /c e N. 


(4.2) 


STABILIZATION OF THE NONLINEAR DAMPED WAVE EQUATION 


7 


Proof. Since the sequence {yk)k satisfies (I4.2I1 . so we have 
(4.5) Ek+i - ifk^i < tjj{Ek) - ipivk) , y k gN. 

We prove (14.31) par induction on k. Since Eq < yo, (Ol) holds for fc = 0. Assume 
that (ig holds at the order k. First, we remark that since E is nonincreasing and 
thanks to our assumption Eq < S, we have 

Ek < 6, V fc e N. 

Moreover, it is easy to check that the sequence {yk)k is nonincreasing, so that 

iJk<yo = Eq <S, VfceN. 

Thanks to our choice of S, and since we make the assumption that Ek < yk, 'Vfe 
deduce that 

fj^Ek) - tf{yk) < 0 . 

Using this last estimate in (14.5L we deduce that (14.31) holds at the order fc + 1. ■ 


We now compare the sequence (yk) obtained using an Euler scheme to the solu¬ 
tion of the associated ordinary differential equation at time kT. 


Lemma 4.2. Assume the hypotheses of Lemma \4-.1\ We define Ek as in (14.41) . We 
consider the ordinary differential equation 

Pt 


(4.6) 


and set 


y'{s) + lfM{y{s)) = 0, 
. 2 /( 0 ) = Eq 


s > 0. 


(4.7) sk = kT ,yk = y{sk), V fc S N. 
Then we have for all fc m N 

(4.8) yk<yk, 
where {yk)k is defined by (14.2p . 


Proof. We integrate (14.61) between Sk and Sk+i and compare with the equation 
satisfied by ijk. Thus we have 

{4.9) yk+i-ykf^i-{yk-yk) + ^ f (^M{y{s)) - M{yk)'j ds = 0 , VfceN. 

We prove (14.8|) by induction on fc. The property clearly holds for fc = 0. Assume 
that it holds at the order fc. Since y is nonincreasing, we deduce that yk = y{sk) < 
yo = Eq < 6. Thus 

y{s)<yk<S, V s G [sfe,Sfc+i]. 

Since M is nondecreasing, we deduce from (14.91) that 

(fPiVk) - 'fpilJk)') < 2/fc+i - y^i- 

Since we assume that (14.81) holds at the order fc and since ip is nondecreasing on 
[0,(5], we deduce 

0 < (fPiyk) - ip{yk)y 

Using this last inequality in the above one, we prove (14.81) at the order k + 1. ■ 


We deduce from Lemmas 14.II and 14.21 the following result. 
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Corollary 4.3. Assume the hypotheses of Lemma \4-1\ and Lemma \4.2\ Then we 
have 

(4.10) Ek<y{sk), VfceN. 

The proof of the main result rely on the following abstract theorem of which 
proof based on the previous lemmas is given in [4] . 

Theorem 4.4. Let rj > 0 and Tq > 0 be fixed given real numbers and let F be strictly 
increasing function from [0, +oo) onto [0, rj), with F{0) = 0 and limy_>oo F{y) = p. 
For any r € (O,??), we define a function from (0,r) on [0, oo) by 

We also define 

(4.12) fir{z) = Z + Kr{F{^)), 

Let T > 0 and px > 0 be given. Let 6 > 0 be such that the function defined by 
X I—>■ X — ptxF~^(x) is strictly increasing on [0, 5]. Assume that F is a nonnegative, 
nonincreasing function defined on [0,oo) with F{0) < 6 and satisfying 

(4.13) E{{k + l)T)<E{kT)(l-pTF-^(E{kT))'^, V/fceN. 

Then E satisfies the upper estimate 

1 

(t-T)pT 
To 

We repeat the proof for the reader’s convenience. 

Proof of Theorem \4.4\ We set 

(4.15) To = —,r = E{0),M{v) = vF-\v). 

Pt 

Thus the solution y of (14.611 is characterized as 

(4.16) t>0. 

To 

On the other hand, we define E^ by (lia . Then, thanks to (I4.13|) . Ek satisfies 

(4.17) Ek+i < Ek(l - pTF-\Ek)) , VfceN. 

Let Z S N be an arbitrary fixed integer. We have in particular 

Ek+i+i - Ek+i + pTM{Ek+i) < 0 , for f = 0 ... , f = /. 

Summing these inequalities from i = Q to i = I, and using the fact that (Ek)k is a 
nonincreasing sequence whereas M is a nondecreasing function, we obtain 

Ek+i+i — Ek + 7^{l + f)TM{Ek+i) < 0 
To 

SO that 

(4.18) {l + l)TM{Ek+i) <ToEk, Vfc,ZeN. 


(4.14) E{t) < Tf( 




, for t sufficiently large. 
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In particular, we have for any arbitrary p S N 


M{Ep)<— inf 

^ P> - T iG{0,...,p| \l+l) 


(4.19) 

^ ^ ie{o,...,p}\l + 

Now thanks to Corollary 14.31 and to (14.161) . we have 

/ iT \ 

= VzeN. 

Using this last relation in ()4.19ll . we deduce that 

(4.20) 


To )\ 

M(Ep) < — inf ( , M . 

^ P> - T /e{o.....p} V +1 ) 


Let now t > T be given and p G N be the unique integer so that t G [pT, (p + l)r). 
Let 6 G {0,t — T] be arbitrary and 1 G N be the unique integer so that 6 G 
[IT, {I + 1)T). Then, thanks to (I4.20|) and by construction, we have 


M{E{t)) < M{Ep) < 


T ;g{o 


inf { 
{0.....P} V 


and 


K. 


-1 


{p-l)T 


To 


<K 


-1 


l+l 

t-9-T'' 


We deduce that 


T _ 


M{E{t))<EK-^(-^ -), V0G(O,t-T]. 


Using the fact that M is strictly increasing, we obtain 


E{t) < TM- 


inf 


1 


,K. 


-1 


t-T-9 

% 


vee(o,(t-T)] \9 

Let now t > 0 be fixed for the moment and put 7t(0) = ^t-T-e 

is a critical point of if and only if it satisfies the relation: 


To 


k: 


t-T-9* 

To 


+ 


ToKKT\i^^) 


= 0 . 


Hence 9* is a critical point of y* if and only if it solves the equation 


Thus 9* 


k: 


t-T-9* 

n 


= —M f KT^ 
To 


t-T-i 


Using the definition of M, we deduce that 9* is a critical point of yt if and only 
if it satisfies the following equation: 


Tr 


0 _ ^-1 


k: 


t-T-9* 


Hence 9* is a critical point of yt if and only if it verifies the following equation: 


f)* 

V'. ( ^ ) = 


t-T 


and we obtain 


E{t) < TF 




y t>T. 
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So that (|4.14p is proved. 


Proof of Theorem \2. 1\ 

' EM 


I 'I 

> ct/ 
>CTf 

> Ct / 


here Ct = ^. 


\\w. 


( 

EM \ 



( 

EM \ 



( 

EM \ 


^'^^)\\hixHi/2 J 


a{x)\(j)\’^ dxdt 








/,0 




,0 ^1M|2 


Since 

R* if 


EM 


EM 


-/ 


EM 


this together with (IMJ and the definition of the weight function / lead to: 
(4.21) 

c'T£;0(o)/(.g^(o))a((^»(o))^-^) < %EM)rEM)) + - em)). 


where we put E^{0) = —• Moreover, 

(4.22) 

CTEM)fiEn,iO))GiiE^m^-^)<CT-rf^^f4^^^2)P+cMwiO)-EM))- 




HixHi/2 


gives 


(4.23) EM) < -E»(0)[1 - Mg{{EM))^~^) - 


CsT 




-)f{EM))- 


/2 


Choose /3 so that {C!pg{{E^{0))^s ^) - —) > C^g{{Ew{0))^^ ^)- 

Hence 

(4.24) EM) < ^-(0)[1 - Mg{{EM)^~"))fiE^iO))]- 

Make use of Theorem HU the proof is complete. 


Proof of Theorem 1 2. ,91 The proof is a simple adaptation of the proof of Theorem 

EB ■ 
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5. Some applications 

We give applications of Theorems 12.11 and 12.31 In the next result, we denote by 
C a positive constant depending on £’(0) and T. Also, we give only the expression 
of g in a right neighbourhood of 0, since as long as g has a linear growth at infinity, 
the asymptotic behavior of the energy depends only on the behavior of g close to 

0 . 


We assume that p and a satisfy assumption (Al). We assume that there exists 
T > 0 such that the solution of (ini) satisfies the weak observability inequality 
(I2.6[l for example 1 below and the assumption (j2.10|) for examples 2 and 3. Then, 
we have the following results: 

5.1. Example 1. Let g be given by g{x) = p > 1 on (0,ro]. Then the energy 
of solution of (ED satisfies the estimate 

E^{t) <C {x^ x^Qe{x)^ , 

for t sufficiently large and for all any non-identically zero initial data € 

Hi X Hi/2- 


5.2. Example 2. Let g and H are given by g{x) = p > 1 on (0,ro]. Then the 
energy of solution of ED satisfies the estimate 


Ew(t) < ‘E-ixfj 


-1 / 1 


t + 1 


for t sufficiently large and for all any non-identically zero initial data € 

Hi X Hi/2- 

Particular case : For H{x) = exp (—-^j, C',p>0 the last estimate becomes 


E^{t) < 


C 


(ln(l 


5.3. Example 3. Let g be given by g{x) = x^ exp(—^). Then the energy of 
solution of ED satisfies the estimate 


Ew{t) < C ( X H> exp ( — ) 'H(x) 


-1 


l + tj^ 

for t sufficiently large and for all any non-identically zero initial data {w^.,w^) G 

Hi X Hi/2- 

Particular cases : For 'H(x) = exp I —, C',p > 0 the last estimate becomes : 


and 


E^{t) < 

EUt) < 


C 


ln(l -I- t) 

C 

(ln(l+i))P 


for p > 1, 


for p < 1. 
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5.4. Example 4. Here we consider the following initial and boundary problem: 

{ Utt — Am + a{x)p{x, Ut) = 0, (x, t) G V, x (0, +oo), 

M = 0 , on X (0, +oo), 

u{x, 0) = M°(x), Ut{x, 0) = u^{x), on fl, 

where p and a satisfy assumption (Al) and fl is a convex bounded open set of 
of class C^. 

In this case, we have: 

A = - A : D{A) CH = L^{Vl), Hi = D{A) = H^{n) n Ho(H), 

Hi /2 = and A is a selfadjoint operator satisfying (11.21) . 

Moreover the conservative equation becomes in this case: 


- A(^ = 0 , fl X (0, +oo), 

(5.2) i ()) = 0, 9nx(0,+oo), 

\(j){x,{)) = 4P{x),4>t{x,Q) = (t^{x), n. 

According to m we show that the observability inequality is given by 


Proposition 5.1. For all P g]0, 1[ there exists T and ct > 0 such that the following 
observabilty inequality holds: 




(5.3) 


< 


[H^{n)nH^{Q)]xH^{Q) 

T 

iVa^lndt, 


exp 


-Ct 


11(0°: '('^)llHi(n)xL2(n) 


1//3- 


for all non-identically zero initial data {(jP^cjA) G nilQ(il)] x HQ {^ l ). 


We remark here that we have (12.101) for H(x) = exp(—^^0^), Vx > 0. 

Thus according to Theorem 12.31 we have the following stabilization result for the 
nonlinear damped wave equation as in [niiniin]- 


Theorem 5.2. We suppose that meas{suppa) ^ 0. Then, the energy of solution 
of satisfies for all /3 €]0,1[ the estimate: 

C 

(5.4) Ey,(t) < , fort sufficiently large 

(ln(l + t))^P 

and for all any non-identically zero initial data (m°,m^) G [iJ^(H) (~l Hq (H)] x 


6. Appendix: Weak stabilization of linear evolution systems 

Let H be a Hilbert space with the norm ||.||Lr, and let A : V(A) C H ^ H he 
a self-adjoint, positive and boundedly invertible operator. We also introduce the 
scale of Hilbert spaces Ha, as follows: for every a > 0, Ha = I1(A“), with the norm 
II^IU = Wz\\h. The space H-a, is defined by duality with respect to the pivot 
space H as follows: H-a = Hf^, for a > 0. 

Let the bounded linear operator B : U ^ H, where U is another Hilbert space 
which will be identified with its dual. 
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The system we consider is described by 
(6.1) w{t) + Aw{t) + BB*w{t) = 0, ui(0) = Wq, w{ 0) = Wi, t G [0, oo), 

The system (ED) is well-posed: 

For {wo,wi) G Hi X H, the problem (I6.ip admet a unique solution 

w G C{[0,oo); Hi X H) 

such that B*'w{-) G Lf^^{0,+oo-,U). Moreover, w satisfies the energy estimate, for 


alH > 0 


(6.2) ||(u'o,w^i)|Ihi XH - II(w^W>W)IIhixh = 2 / \\B*w{s)\\l ds. 

^ Jo 

For (16.21) we remark that the mapping 1 1 —>■ is non-increasing. 

Consider the initial value problem : 

(6.3) ip(t) + Aip{t) = 0, 


(6.4) ^p{Q) = = ^px. 

It is well known that (I6.3I) - (I6.4I) is well posed in iJi x iJi and in Hi x H. 

Now, we consider the unbounded linear operator 

(6.5) Ad : V{Ad) CHixH^HixH,Ad= > 

where 

V{Ad)=Hx X Hi. 

Let TL : IR+ —>■ 1R+ such that TL is continuous, invertible, increasing on IR.+ and 
suppose that the function a: >->■ is increasing on (0,1). 


In the case of non exponential decay in the energy space we have the explicit decay 
estimate valid for regular initial data, which is a simple adaptation of B Theorem 
2.4]. 

Theorem 6.1. Assume that the function % satisfies the assumptions above. Then 
the following assertion holds true: 

If for all non-identically zero initial data G Hi x Hi we have 

rT f \\iTo,Ti)\\H,xH 

( 6 . 6 ) / \\B*ip{t)\\ldt>C\\{ipo,(pi)\\jf^^H^-H\-^ -r7T2-^- 

for some constant C > 0 then there exists a constant Ci > 0 such that for allt>0 
and for all non-identically zero initial data (wo,wi) G Hi x Hi we have 

(6.7) ll(w(t),w(t))||^^xjj < ll(^i'0,Wl)||HixHi • 

Remark 6.2. In the case where TL = Id the observability inequality (ICT is equiv¬ 
alent to the exponential stability of (I63D , see [6l Theorem 2.2]. 
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Proof. We suppose (16.6p , which implies that there exist C,T > 0 such that for all 
non-identically zero initial data (w^,w^) G Hi x Hi we have 


\B*p{t)\\ldt > C\\{wo,wi)\\%^ 




\\iwo,wi)\\jj^^H, 


By applying m Lemma 4.1] we obtain that the solution w{t) of (16.11) satisfies the 
following inequality 


\B*w{t)\\1jdt >C\\{wo,wi)\\%^ 




11(^0,Wi)||2 


HixHi 
^ , 


Relation above and (16.211 imply the existence of a constant K > 0 such that 

\\{w{T),w{T))\\'jj^^fj < ||(wo, wi)||l/^ xH 

2 2 

||(ii;o,u'i)|Ihi xh 


( 6 . 8 ) 


-K\\{wo,wi)\\h^^hB. 


ll(w'0,m)||l^,xHi 


By using the fact that the function t i-A \\{w{t),w{t))\\^^ is nonincreasing, the 

function H. is increasing and relation (16.81) we obtain the existence of a constant 
Ki > 0 such that 


\\{w{T),w{T))\\'jj^^fj < ||(wo,1i'l)|lHi xH 

2 2 

(6.9) -Ki\\{wo,wiWH^^j,n 


(n;(r)>(T))|||,^,^' 


\hixHi 
3 


||(ico,wi)||) 

Estimate dSH) remains valid in successive intervals [kT, {k + 1)T], so, we have 

||(n;((fc + l)T),ii;((fc + 1)T))||^^ < ||(u;(fcT),h;(fcT))||l,^ xH 

2 2 

{wi{k + l)T),wiik + l)TWH^^^' 

-Ki\\{w{kT),wikT)Wij^^Hn' 


{w{kT),w(kT))\\%^^j^^ 

Since Ad generates a semigroup of contractions in V^Ad), relations above imply 
the existence of a constant K 2 > 0 such that 

||(n;((fc + l)r),d;((fc + l)r))|||,, xh < ||(iu(fcT),n;(AT)|||,^ xh 

2 2 

(n;((fc + l)r),ii;((fc + l)T))||l,^,^' 

( 6 . 10 ) -K2\Kw{kT),wikT))rH^^Hn ■ 


ll(w^0,U'l)|P 


HixHi 


If we adopt now the notation 


( 6 . 11 ) 


£k = n 


{w{kT),w{kT))\\jj^^H' 
_ 2 

II/-.. ... M 12 
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the inequality (16.1011 implies 


( 6 . 12 ) 


iwiik + l)T),w{{k + l)T))\\%^^j, 


{w{kT),w{kT))\\j^^^^ 4+1 


4+1 ^ ^2 ^k+1 ■ 


Since, the function t —?> \\{w{t),w{t))\\‘jj is nonincreasing and the function % is 


increasing, relation (16.121) implies 
(6.13) 


ii;((fc + l)T),ii;((fc + l)T))|||^^xH a 


w{kT),w{kT))\\\j^^jj 4+1 


Sk+i <£k — K2£k+i- 


According to (I6.11|) . relation (I6.13P gives, 


||(m(fcT),.i(fcT))||^^ 
M(’"0 '“i)IIki X H 1 


n 


{w{kT),w(kT))\\H^y<H' 

ll(t«0,«l)llHjxUi 


||(m((fc + l)T),™((fe + l)T))||^ 

IK“'o.“1)11^1 xUj^ 

2 

-2 


■ n 


(™((/c+l)T)>((fe+l)T))||| 

II(“0.«>i)IIhjxUi 


-'fe+1 


(6.14) <£k-K2£t+i. 

Relation (16.1411 combined with that the function cc i-+ - ^-[{x) is increasing in (0,1), 
gives 

(6.15) £k+i < 4 - K2£l+^, Vfc > 0. 


By applying m Lemma 5.2] and using relation (16.111) we obtain the existence of a 
constant M > 0 such that 


\\{w{kT),w{kT))\\‘jj^^H < 

2 

which obviously implies (EH). 


M 

k + 1 


11(^0,^«i)||hixHi , V/c > 0, 


Example. We consider the following initial and boundary problem: 

{ utt — Am + a{x) Mt = 0, , (x, t) £ £l x (0, +oo) 

M = 0 , on dfl X (0, +oo), 

u{x, 0) = M°(x), Ut{x, 0) = M^(x), on £l, 

where 17 is a convex bounded open set of of class and a £ C{£1) with a > 0 
on n and as in assumption (Al). 

In this case, we have: 

A = - A : V{A) = HiC L^{Vl) L^(f7), Hi = V{A) = H^{Vl) n Hl{n), 

Hi /2 = ^o(^)j U = L'^(£t) and Bz = B*z = ^z^'iz S L^(n). 

Moreover the conservative equation (II3 becomes in this case: 
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r (j)tt - = 0 , O X (0, +oo), 

(6.17) = 911x(0,+oo), 

0) = ^t(x, 0) = VL. 

According to [T3] we show that the observability inequality is given by: 

Proposition 6.3. For all /3 S]0,1[ there exist T,ct > 0 such that the following 
observabilty inequality holds: 

II / 0 iiII^ 

II ,U 

(6.18) < f f a{x)\(l)t{x,t)\'^ dxdt, 

Jo JQ 

for all any non-identically zero initial data {u^,u^) S [i7g(n) ni7g(f2)] x Hq{Q). 

We remark here that we have (16.61) for 'H{x) = exp(- tj^), Va: > 0. Thus 

according to Theorem 16.11 we have the following stabilization result for the linear 
wave equation which extends the result obtained by |111 Lebeau] (with a resolvent 
method). 

Theorem 6.4. For all ft s]0,1[, there exists a constant C > 0 such that for all any 
non-identically zero initial data S [77^(17) fl 77Q(n)] x 770(17) the energy of 

the solution of \6.16\) satisfies the estimate 

(6.19) 

C 

ll(w(0)W(^))llHi(n)xL2(a) < )ll[H2(n)nHi(n)]xHi(n) > ^ > 0- 
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